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The orbital effect on the Fulde-Ferrell (FF) phase is investigated in superconducting core/shell
nanowires subjected to the axial magnetic field. The confinement in the radial direction results
in the quantization of the electron motion with energies determined by the radial j and orbital m
quantum numbers. In the external magnetic field the twofold degeneracy with respect to the orbital
magnetic quantum number m is lifted which leads to the Fermi wave vector mismatch between
the paired electrons (k, j,m, ↑) ↔ (−k, j,−m, ↓). This mismatch is transfered to the nonzero total
momentum of the Cooper pairs which results in the formation of FF phase occurring sequentially
with increasing magnetic field. By changing the nanowire radius R and the superconducting shell
thickness d, we discuss the role of the orbital effect in the FF phase formation in both the nanowire-
like (R/d ≪ 1) and nanofilm-like (R/d ≫ 1) regime. We have found that the irregular pattern of
the FF phase, which appears for the case of the nanowire-like regime, evolves towards the regular
distribution, in which the FF phase stability regions appear periodically between the BCS state, for
the nanofilm-like geometry. The crossover between these two different phase diagrams is explained
as resulting from the orbital effect and the multigap character of superconductivity in core/shell
nanowires.
PACS numbers: 74.78.Na, 84.71.Mn
I. INTRODUCTION
In the last decade, unconventional superconductivity
with a nontrivial Cooper pairing has attracted the grow-
ing interest due to fascinating superconducting proper-
ties which are not observed for the standard BCS state.
Among the wide class of unconventional superconduc-
tors including high-Tc cuprates,
1–3 iron-pnictides,4 or
heavy fermion materials5 recently, the special attention
is drawn to systems with a spatially varying energy gap.6
The existence of such a superconducting phase with the
order parameter oscillating in real space was proposed
in the mid-1960s by Fulde and Ferrell7 (FF phase) as
well as independently by Larkin and Ovchinnikov (LO
phase).8 According to their original concept, supercon-
ductivity can survive in the magnetic field substantially
higher than the critical field Hc, due to the creation of
an inhomogeneous paired state with a non-zero total mo-
mentum of the Cooper pairs (k ↑,−k + q ↓). This so
called FFLO state results from the pairing between elec-
trons from Zeeman splitted parts of the Fermi surface.
In spite of a straightforward nature of the theoreti-
cal prediction and many ongoing theoretical investiga-
tions regarding the appearance of the FFLO state in
different materials,9–13 the experimental evidence of the
non-zero momentum pairing has been reported only re-
cently in heavy fermion systems5,14–16 and two dimen-
sional organic superconductors.17–20 Both of these ma-
terial classes are characterized by a reduction of the or-
bital pair breaking mechanism which is a crucial phys-
ical limitation for the experimental realization of the
FFLO phase. The significance of the orbital pair brak-
ing is described by the Maki parameter21,22 defined as
α =
√
2Horbc2 /H
P
c2, where H
orb
c2 is the upper critical field
calculated without Zeeman splitting and HPc2 is the crit-
ical field in paramagnetic limit.23,24 It has been estab-
lished that the FFLO phase can exist at finite tempera-
ture if α > 1.8.25 This criterion can be met in ultrathin
metallic nanofilms in which the confinement in the direc-
tion perpendicular to the film strongly reduces the orbital
effect for the in-plane magnetic field. The theoretical
model describing the FFLO phase in metallic nanofilms,
besides the possibility of the non-zero momentum pair-
ing, should also contain the multiband character of su-
percondcutivity in these systems. In metallic nanostruc-
tures with size comparable to the electron wave length,
the Fermi surface splits into a set of discrete subbands
leading to many interesting effects which are not observed
in the bulk limit e.g, the formation of Andreev states26
or oscillations of superconducting properties.27–36 As re-
ported in our recent paper,37 due to the multiband na-
ture, the Fulde-Ferrell (FF) phase in metallic nanofilms
splits into subphases, number of which corresponds to
the number of subbands participating in the formation
of the paired state. Similar behavior has been also re-
ported for a Pauli-limiting two-band superconductors.38
In both of these reports the FF phase has been induced
by the Zeeman effect for the magnetic field H > Hc.
The multiband character of superconductivity is even
more pronounced in metallic nanowires. Very interesting
phenomenon has been recently found when studying the
superconducting to normal metal transition in nanowires,
driven by the axial magnetic field.36 It turned out that
the magnetic field does not destroy superconductivity si-
multaneously in all subbands participating in the paired
phase but the transition to the normal state occurs grad-
ually. The magnetic field suppress superconducting cor-
relations step by step in subsequent subbands. It re-
veals itself as a cascade of jumps in the order parameter
2with increasing magnetic field. Such anomalous behav-
ior has inspired our recent study39 in which, surprisingly,
we have found that in cylindrical nanowires subjected
to the axial magnetic field, the orbital effect, which so
far has been regarded as detrimental to the FFLO phase
formation, can in fact induce the non-zero momentum
paired state. As shown in Ref. 39, the Fermi wave vec-
tor mismatch induced by the orbital effect between the
subbands with opposite orbital momenta is transfered to
the nonzero total momentum of the Cooper pairs which
results in the formation of sequentially occurring Fulde-
Ferrell (FF) and BCS phases with increasing magnetic
field. In this context, understanding the physical mecha-
nism standing behind the change of phase diagrams from
the Pauli-limit, in which FF phase occurs in the vicin-
ity of Hc as for nanofilms, to the orbital limit, in which
the stable FF phases appear between BCS-paired states
for H < Hc, still remains an unexplored issue. This
can be done by considering superconducting core/shell
nanowires, in which, by the control of the ratio R/d,
where R is the core radius and d is the shell thickness,
we can switch from the nanowire-like (R/d ≪ 1) to the
nanofilm-like (R/d≫ 1) scenario.40,41
In the present paper, by controlling the ratio R/d, we
discuss the role of the orbital effect in the FF phase
formation, in both the nanowire-like and nanofilm-like
regime. We have found that the phase diagrams dif-
fer considerably in both of these regimes. The irregular
pattern of the FF phase occurrence in the nanowire-like
regime evolves, with increasing the R/d ratio, towards
the regular one, in which the FF phases appear period-
ically between the BCS states. The crossover between
these two different phase diagrams is explained as result-
ing from the orbital effect and the multigap character of
superconductivity in the considered nanostructures.
The paper is organized as follows. In the next sec-
tion we introduce the basic concepts of the theoretical
model based on the modified BCS theory, in which the
superconducting gap acquires the non-zero total momen-
tum of the Cooper pairs. We explain in detail how the
angular-momentum-induced Fermi-surface splitting gen-
erates the Fulde-Ferrell phase. In Sec. III we discuss our
results considering the contributions of both the orbital
and Zeeman effect to the FF state. Finally, Sec. IV is
devoted to conclusions and short discussion on the possi-
bility of the experimental verification of the phenomena
presented in the paper.
II. THEORETICAL MODEL
Let us consider the core/shell nanowire consisting of a
core of radius R, surrounded by a superconducting shell
of thickness d [Fig. 1(a)]. Recently, analogous systems
of semiconductor nanowires covered by a superconduct-
ing layer, have attracted growing interest due to their
potential application in topologically protected quantum
computing using Majorana zero modes.42,43 For simplic-
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FIG. 1. (Color online) (a) Scheme of the superconducting
core/shell nanowire. (b) Schematic illustration of FF-pairing
in the nanowire. In the presence of the magnetic field a two-
fold degeneracy with respect to the orbital magnetic quantum
number m and two-fold degeneracy with respect to the spin
σ are lifted. The Fermi vector mismatch is compensated by
the non-zero center-of-mass momentum of the Cooper pairs.
ity, let us assume that the core is an ideal insulator and
electrons cannot penetrate the region of the core which
allows us to neglect the proximity effect at the super-
conductor/insulator interface. We start from the general
form of the BCS Hamiltonian
Hˆ =
∑
σ
∫
d3rΨˆ†(r, σ)Hˆ0Ψˆ(r, σ)
+
∫
d3r
[
∆(r)Ψˆ†(r, ↑)Ψˆ†(r, ↓) + h.c.
]
+
∫
d3r
|∆(r)|2
g
,
(1)
where σ denotes the spin state (↑, ↓), g is the phonon-
mediated electron-electron coupling constant and the gap
parameter in real space is given by
∆(r) = −g
〈
Ψˆ(r, ↓)Ψˆ(r, ↑)
〉
. (2)
Choosing the gauge for the vector potential as A =
(0, eHr/2, 0), where the magnetic field H is directed
along the nanowire axis, the single-electron Hamiltonian
Hˆ0 in the cylindrical coordinates (r, ϕ, z) is given by
Hˆ0 =
h¯2
2me
[
−1
r
∂
∂r
r
∂
∂r
+
(
− i
r
∂
∂ϕ
+
eHr
2h¯
)2
− ∂
2
∂z2
]
+σµBH−µ ,
(3)
where σ = ±1 for spin-up and spin-down electrons, µ is
the chemical potential and e, me is the electron charge
and mass, respectively.
If we assume azimuthal invariance and neglect the dia-
magnetic term ∼ A2, whose energy for nanowires is one
order of magnitude lower than the order parameter, Hˆ0
can be reduced to the one-dimensional form
Hˆ0,1D =
h¯2
2me
[
−1
r
∂
∂r
r
∂
∂r
+
m2
r2
]
+
h¯2k2
2me
+(m+σ)µBH−µ ,
(4)
3with the corresponding single-electron wave functions
ψk,j,m(r, ϕ, z) =
1√
2piL
φj,m(r)e
imϕeikz , (5)
where L is the nanowire length, j is the radial quantum
number, m is the orbital magnetic quantum number and
k is the wave vector along the nanowire axis z. By as-
suming the hard-wall boundary conditions in the shell,
φjm(R) = φjm(R + d) = 0, the radial wave function
φjm(r) can be written as
41
φj,m(r) =
1√
M [Ym(χjmR)Jm(χjmr)− Jm(χjmR)Ym(χjmr)] ,
(6)
where Jm(r) and Ym(r) are the Bessel functions of the
first and second kind of m-th order and M is the nor-
malization constant. The parameter χjm, related to the
single-electron energy ξk,j,m,σ by
ξk,j,m,σ =
h¯2
2me
(χ2jm + k
2) + (m+ σ)µBH − µ, (7)
is a solution of the equation
Ym(χjmR)Jm[χjm(R+d)]−Jm[χjm(R+d)]Ym(χjmR) = 0.
(8)
From Eq. (7) we can see that for H = 0, each single-
electron state is fourfold degenerate - two-fold degener-
acy with respect to the orbital magnetic quantum num-
ber m and two-fold degeneracy with respect to the spin
σ. In the presence of external magnetic field both these
degeneracies are lifted resulting in a shift between the
subbands corresponding to m and −m as well as ↑ and
↓. Since in the superconducting state the pairing ap-
pears between particles with opposite spins, momenta
and orbital momenta: (k, j,m, ↑) ↔ (−k, j,−m, ↓), the
Fermi-wave vector mismatch induced in the magnetic
field can be transferred into the non-zero momentum of
the Cooper pairs (q 6= 0 along the z axis) giving raise
to the FF phase. Schematic illustration of this process
is sketched in Fig. 1(b). Using the field operators in the
form
Ψˆ(r, ϕ, z, σ) =
∑
k,j,m
ψk,j,m(r, ϕ, z) cˆk,j,m,σ,
Ψˆ†(r, ϕ, z, σ) =
∑
k,j,m
ψ∗k,j,m(r, ϕ, z) cˆ
†
k,j,m,σ,
(9)
where cˆk,j,m,σ(cˆ
†
k,j,m,σ) is the annihilation (creation) op-
erator, the BCS Hamiltonian with the possibility of non-
zero momentum pairing is given by
Hˆ =
∑
kmj
fˆ
†
k,j,m,qHk,j,m,q fˆk,j,m,q +
∑
k,j,m
ξ−k+q,j,−m,σ¯
+
∑
j,m
|∆j,m,q|2
g
,
(10)
where fˆ†k,j,m,q = (cˆ
†
k,j,m,↑, cˆ−k+q,j,−m,↓) is the composite
vector operators and
Hk,j,m,q =
(
ξk,j,m,σ ∆j,m,q
∆∗j,m,q −ξ−k+q,j,−m,σ¯
)
. (11)
In the above, for simplicity, we limit to the situation in
which all the Cooper pairs have a single momentum q.
This assumption corresponds to the Fulde-Ferrel phase.
In Eq. (11), ∆j,m,q is the superconducting energy gap in
the subband (j,m) defined as
∆j,m,q =
g
4pi2
∑
k,j′,m′
Cj,m,j′,m′〈cˆ−k+q,j,−m,↓cˆk,j,m,↑〉 ,
(12)
with the interaction matrix
Cj,m,j′,m′ =
∫ R+d
R
dr r φ2j,m(r)φ
2
j′ ,m′(r) . (13)
Hamiltonian (10) can be diagonalized by the Bogoliubov-
de Gennes transformation(
cˆk,j,m,↑
cˆ†−k+q,j,−m,↓
)
=
(
Uk,j,m,q Vk,j,m,q
−Vk,j,m,q Uk,j,m,q
)(
αˆk,j,m,q
βˆ†k,j,m,q
)
,
(14)
where
U2k,j,m,q =
1
2
(
1 +
ξk,j,m,σ + ξ−k+q,j,−m,σ¯√
(ξk,j,m,σ + ξ−k+q,j,−m,σ¯)2 + 4∆2j,m,q
)
,
V 2k,j,m,q =
1
2
(
1− ξk,j,m,σ + ξ−k+q,j,−m,σ¯√
(ξk,j,m,σ + ξ−k+q,j,−m,σ¯)2 + 4∆2j,m,q
)
,
(15)
are the Bogoliubov coherence factors. As a result, one
obtains the following form of the quasiparticle energies
E±k,j,m,q =
1
2
(ξk,j,m,σ − ξ−k+q,j,−m,σ¯)
±
√
1
4
(ξk,j,m,σ + ξ−k+q,j,−m,σ¯)2 +∆2j,m,q
+ (m+ σ)µBH.
(16)
By substituting Eq. (14) into Eq. (12) we derive the self-
consistent equations for the superconducting gaps
∆j′,m′,q =
g
4pi2
∫
dk
∑
j,m
Cj,m,j′,m′
×
∆j,m,q
[
1− f(E+k,j,m,q)− f(E−k,j,m,q)
]
√
(ξk,j,m,σ + ξ−k+q,j,−m,σ¯)2 + 4∆2j,m,q
,(17)
where f(E) is the Fermi-Dirac distribution. The summa-
tion in Eq.(17) is carried out only over the single-energy
states ξk,j,m,σ inside the Debye widow |ξk,j,m,σ | < h¯ωD,
where ωD is the Debye frequency. Since the chemical
potential in nanostructures strongly deviates from that
4assumed in the bulk, for each shell thickness we deter-
mine µ keeping a constant electron concentration
ne =
1
pi2[(R + d)2 −R2]
∫
dk
∑′
j,m
∫ R+d
R
dr r
× {|Uk,j,m,qφjm(r)|2f(E+k,j,m,q)
+|Vk,j,m,qφjm(r)|2[1− f(E−kmjq)]
}
. (18)
In the considered nanowires, the spatial dependence of
the superconducting gap results not only from the cre-
ation of the FF phase [∆(r, ϕ, z) = ∆(r, ϕ)eiqz ] but it is
also induced by the quantum confinement. The spatial
dependence of the order parameter in the radial direction
can be expressed as
∆q(r) =
g
4pi2
∫
dk
∑′
jm
|φjm(r)|2
× ∆j,m,q√
(ξk,j,m,σ + ξ−k+q,j,−m,σ¯)2 + 4∆2j,m,q
×
[
1− f(E+k,j,m,q)− f(E−k,j,m,q)
]
. (19)
To obtain the phase diagram, the superconducting gaps
∆j,m,q and the chemical potential are calculated by solv-
ing Eqs. (17) and (18) self-consistently. The wave-vector
q is determined by minimizing the free energy of the
system.44
Calculations presented in the paper have been car-
ried out for the material parameters typical of alu-
minum: h¯ωD = 32.31 meV, gN(0)=0.18, where N(0) =
mkF /2pi
2h¯2 is the bulk density of states at the Fermi
level, ∆bulk = 0.25 meV and the chemical potential
µbulk = 0.9 eV which corresponds to the electron den-
sity ne = 3.88 × 1021 cm−3. The assumed low value of
the chemical potential, in relative to that measured in
the bulk, results from the parabolic band approximation
(for more details, see Ref. 45). Its value has been deter-
mined to obtain a good agreement with the experimental
data reported in Ref. 46. The self-consistent procedure
has been carried out for a constant electron concentra-
tion which implies a gradual increase of the chemical po-
tential with decreasing shell thickness. Moreover, we do
not include a thickness-dependent change in the electron-
phonon coupling,47 as it can only result in the quantita-
tive effects and do not alter the qualitative picture of the
FF phase creation presented in the paper.
III. RESULTS AND DISCUSSION
To determine geometrical parameters appropriate for
the analysis of the non-zero total momentum pairing, we
have calculated the spatially averaged superconducting
order parameter ∆¯, defined as
∆¯ =
2
d(2R+ d)
∫ R+d
R
dr r∆(r), (20)
as a function of the shell thickness for different core radii
(Fig. 2).
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FIG. 2. (Color online) Spatially averaged superconducting
order parameter ∆¯ as a function of the the shell thickness for
core radii (a) R = 1 nm, (b) R = 4 nm, (c) R = 8 nm and
(d) R = 15 nm. For comparison, in each panel, ∆¯(d) for a
superconducting nanofilm, where d is the nanofilm thickness,
is shown by the solid black curve. Red, labeled points denote
thicknesses chosen for the further analysis of the unconven-
tional FF pairing with the nonzero total momentum. Note
that the same results were obtained in Ref. 41 (cf. Fig. 2).
The ∆¯(d) oscillations presented in Fig. 2 are due to the
quantum size effect which arises when the system size be-
comes comparable to the electron Fermi wave length.45
In core/shell nanowires, a reduction of an electron mo-
tion in the radial direction implies the energy quantiza-
tion with energies determined by the quantum numbers
j, m, k and σ [Eq. (7)]. Subsequent peaks in ∆¯(d) cor-
respond to subsequent subbands (j,m) passing through
the Fermi level while increasing the shell thickness. As
seen, the ∆¯(d) oscillations presented in Fig. 2(a-d) differ
significantly from each other. The irregular oscillations
for R = 1 nm [Fig. 2(a)], reminiscent of these predicted
for superconducting nanowires,45 evolves with increas-
ing R towards the regular oscillations characteristic for
superconducting nanofilms [Fig. 2(d)].48 The crossover
from an irregular pattern to the regular regime was ex-
plained in details in Ref. 45. It is related to the centrifu-
gal term, h¯2m2/2mer
2, which for R/d ≤ 1 contributes
significantly to the single electron energy leading to the
energetically well separated states for different |m|. The
irregular oscillations of ∆¯(d) presented in Fig. 2(a) reflect
the irregular distribution of states (j,m) on the energy
scale. For R/d ≫ 1 [Fig. 2(d)] the centrifugal term is
negligibly small which causes the single electron states
with different |m| to be almost degenerate. These en-
ergetically close subbands create bands labeled by the
radial quantum number j. Each time when the bot-
5tom of such a band passes through the Fermi level we
observe a resonant increase in ∆¯(d). Equal distant be-
tween bands on the energy scale results in regular os-
cillations presented in Fig. 2(d). Therefore, by an ap-
propriate choice of the geometrical parameters, we can
strengthen or suppress the centrifugal energy term, which
allows for a smooth transition from the nanowire-like to
the nanofilm-like regime.
Now, let us analyze in detail the contribution of the
orbital effect, mµBH , to the FF paired phase in both
of the considered regimes. We start our study from
the nanowires with R = 1 nm. In Fig. 3, the mag-
netic field dependence of the averaged superconducting
order parameter is presented for values of d marked by
red squares in Fig. 2(a) which correspond to the reso-
nant (d = 1.11 nm and d = 1.19 nm) and off-resonant
(d = 1.39 nm) thicknesses, respectively. While increas-
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FIG. 3. (Color online) Magnetic field dependence of the av-
eraged superconducting gap ∆¯(H) for shell thicknesses d de-
noted by red squares in Fig. 2(a) (see also insets). Gray areas
represent the FF phase stability regions between which the
conventional BCS phase, displayed as white regions, is stable.
In panel (a), the values of the magnetic field corresponding
to depairing in subsequent subbands (j,m) are marked by
arrows.
ing the magnetic field, electrons in different states (j,m)
acquire different energies which depend on the orbital
magnetic quantum numberm and the spin σ [Eq. (4)]. As
a result, the superconductor to normal metal transition
occurs as a cascade of jumps36 (Fig. 3), each of which is
related to depairing in one of the subbands contributing
to the superconducting state. In Fig. 3(a), the critical
fields Hj,mc = ∆jm(H = 0)/(|m + 1|)µB for particular
subbands (j,m) are labeled and marked by arrows. Each
time the magnetic field H becomes slightly larger than
Hj,mc , to sustain superconductivity in the subband (j,m),
the Fermi wave-vector mismatch between the paired elec-
trons (k, j,m, ↑) ↔ (−k, j,−m, ↓) is partially compen-
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FIG. 4. (Color online) (a) Total Cooper-pair momentum q
which minimizes the free energy as a function of magnetic
field H together with (b) an exemplary difference between
free energy in the superconducting and normal states (Fsc −
Fn)(q). Minimum of (Fsc −Fn)(q) corresponds to the stable
FF phase.
sated by the non-zero total momentum of the Cooper
pairs (k, j,m, ↑) ↔ (−k + q, j,−m, ↓). The formation of
the FF phase minimizes the free energy of the system, as
shown in Fig. 4(b). The further increase of H , well above
Hj,mc , causes that the paired state with the non-zero to-
tal momentum becomes energetically less favorable and
the standard BCS pairing is restored. This leads to the
phase diagram in which the FF phase stability regimes
alternate with the BCS state [Fig. 3(a,b)].
Now, we discuss in detail the phase diagram for d =
1.11 nm presented in Fig. 3(a). For the chosen resonant
thickness, the full spectrum of q in the whole range of
the magnetic field is plotted in Fig. 4(a). For complete-
ness, in Fig. 5(a) and (e) we present the quasiparticle
dispersions Ekjm vs k and the superconducting order pa-
rameter ∆(r) calculated for H = 0. As one can see, there
are twenty two relevant subbands participating in the su-
perconducting state: (0, 0)− (0,±8) and (1, 0)− (1,±2).
Their contributions Pj,m(r) to ∆(r,H = 0) are displayed
in Fig. 5(c), where
Pj,m(r) =
g
4pi2
∫
dk|φjm(r)|2
× ∆j,m,q√
(ξk,j,m,σ + ξ−k+q,j,−m,σ¯)2 + 4∆2j,m,q
×
[
1− f(E+k,j,m,q)− f(E−k,j,m,q)
]
. (21)
Note, that the states (1,−1) and (0,−1), even though
they contribute to the superconductivity [see Fig. 5(a)],
are not labeled in Fig. 3(a) as the Cooper pairs (k, j,−1, ↑
) ↔ (−k, j, 1, ↓) are unaffected by the magnetic field
i.e., for both the electrons from the Cooper pair (m +
σ)µBH = 0. Although, their critical fields H
j,−1
c seem to
be infinite, in fact, the magnetic field causes the Cooper
pair breaking in these states indirectly, by the reduc-
tion of the superconducting correlation in subbands with
m 6= −1 [see Eq. (17)]. Finally, the states (1,−1) and
(0,−1) become depaired in Hc determined for the whole
nanowire. As presented in Fig. 5(c), the contributions of
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FIG. 5. (Color online) (a,b) Quasiparticle dispersions Ekjm vs
k, (c,d) contributions to the paired phase coming from differ-
ent subbands Pj,m and (e,f) the position dependent supercon-
ducting order parameter ∆(r). Results for the resonant shell
thickness d = 1.11 nm (left panels) and the non-resonant shell
thickness d = 1.39 nm (right panels), for H = 0. In panels
(a-d) lines plotted in color correspond to the subbands with
the major contribution to the superconducting state.
the individual subbands to the superconducting order pa-
rameter, Pj,m(r), vary significantly. Due to the enhanced
density of states, they are the largest for subbands situ-
ated in the vicinity of the Fermi surface. For d = 1.11 nm,
the major contribution to ∆(r) comes from the states
(0,±8) and (1,±2). The rest of the subbands play less
important role but the most significant contribution is
due to the states (0,±7), (1, 0) and (1,±1). With in-
creasing magnetic field the superconducting correlations
are suppressed successively in individual subbands. For
the subband (j,m), the critical field Hj,mc , in which the
superconductivity is destroyed, depends not only on the
orbital magnetic quantum number m but also on the en-
ergy gap of excitation ∆j,m [Eq. (17)]. The latter is
considerably affected by the quantum confinement and
the Andreev mechanism, which appears due to the spa-
tial variation of the superconducting order parameter.41
One should note that, in nanowire-like regime, ∆j,m may
be different for different quantum numbers leading to
the multigap superconductivity. Therefore, the condi-
tion Hj,m1c < H
j,m2
c for |m1| > |m2| do not have to be
satisfied. This expectation agrees with our numerical re-
sults showing that H0,8c > H
0,7
c [see Fig. 3(a)]. Conse-
quently, the subband (0, 7) is the first one in which the
superconducting phase is destroyed as the magnetic field
increases. The Cooper pair breaking in this single branch
entails the formation of the FF phase with the total mo-
mentum q which increases with increasing magnetic field
[Fig. 4(a)]. This FF phase region, shown in Fig. 3(a) by
the gray area, is stable up to the magnetic field value at
which the Cooper pair breaking takes place in the next
two states (0, 6) and (0, 8). Their critical magnetic fields
H0,6c and H
0,8
c are almost equal leading to the substan-
tial jump in ∆¯(H). Preservation of superconductivity
in these branches requires to adjust a new value of the
Cooper pair momentum q which is shown as a sharp dip
in q(H) [Fig. 4(a)], after which q starts to increase again
up to the magnetic field value at which the ordinary BCS
phase is restored. Note that in the presence of magnetic
field the Fermi vector mismatch for each of the subbands
(j,m) is different which means that each of them has
its own favorable total momentum qj,m. However, the
situation where several values of qj,m appear in the sys-
tem is impossible due to the coupling between all the
branches participating in the superconducting state (cf.
Eq. 17). Hence, the value of q which minimizes the free
energy is usually a result of the Cooper pair breaking
processes occurring in several subbands and we can not
distinguish between individual contributions to the total
momentum q coming from each of them. From Fig. 3(a)
we can see that all of the FF phase stability regions are
extended over the magnetic field range in which the su-
perconductivity is destroyed in several consecutive sub-
bands. The widest one, starting with depairing in the
subbands (0,−4) and (0, 2) extends up to H = 11.5 T
which is the critical field for the states: (0,−3), (0, 1),
(1, 1) and (1, 2). The Cooper pair breaking occurring
simultaneously in the four subbands is accompanied by
the highest jump in ∆¯(H) which is largely caused by
the fact that (1, 2) is the resonant state with the high-
est contribution to the superconducting order parameter
[see Fig. 5(c)]. As shown in Fig. 4(a), the formation of
the FF phase for this particular case, requires to adjust
the Cooper pair momentum q which is almost four times
greater than that observed in other FF stability regions.
Its high value is mainly determined by the Fermi wave
vector mismatch in the resonant subband (1, 2). The last
FF phase stability region presented in Fig. 3(a) is related
to the onset of depairing in the states (0,−2) and (0, 0).
Note that the orbital effect does not exists for states with
m = 0 and so the FF phase related to depairing in the
subband (0, 0) is solely induced by the Zeeman effect. For
this reason, the Cooper pair momentum q in this region
is twice smaller than in the regions with the dominant
role of the orbital effect [Fig. 4(a)].
Calculations carried out for different values of d show
that the similar phase diagram, in which the FF phase
stability regions are sandwiched between the standard
BCS state stability ranges, is characteristic for each res-
7onant thickness. As an example, in Fig. 3(b) we present
∆¯(H) for the neighboring resonant point d = 1.19 nm,
for which the enhancement of the energy gap ∆¯ is due
to the Cooper pairing in the state (1,±3) whose bot-
tom passes though the Fermi level. Interestingly, the
FF phase is not formed for the non-resonant thickness,
d = 1.39 nm [Fig. 3(c)], when the superconductor to
normal metal transition has a more BCS-like character
without noticeable jumps in ∆¯(H). For d = 1.39 nm,
the spatially averaged value of the superconducting or-
der parameter ∆¯ = 0.142 meV < ∆bulk [Fig. 5(f)]. All
subbands are far away from the Fermi level having al-
most equal contributions to the superconducting state.
All this causes that deparing in an individual subbands
is less energy-consuming and consequently, the formation
of the FF phase is unfavorable.
Now, let us discuss how will the phase diagram change
if we increase the nanowire radius R up to the nanofilm-
like regime, where R/d ≫ 1. In Fig. 6 (right panels) we
present the magnetic field dependence of the spatially av-
eraged superconducting gap ∆¯(H) for the resonant shell
thickness d = 1.09 nm (see Fig. 2) and nanowire radii (a)
R = 4 nm, (c) R = 8 nm and (e) R = 15 nm. As previ-
ously, the FF phase stability ranges are displayed by gray
areas while the corresponding values of the Cooper pair
momentum q are plotted in the left panels (b,d,f). The
phase diagrams in Fig. 6 differ considerably from that
calculated for the nanowire-like regime, for R = 1 nm
(Fig. 3). The irregular pattern of the FF phase occur-
rence from Fig. 3 evolves towards the regular distribu-
tion, in which the FF phases appear periodically between
the BCS state stability ranges. As discussed, with in-
creasing nanowire radius, the centrifugal term of the sin-
gle electron energy is suppressed which, in turn, leads to
the formation of bundles of subbands with the same ra-
dial quantum number j and different |m|. Therefore, the
number of subbands Ns taking part in the superconduct-
ing phase increases significantly. For R = 4 nm, shown in
Fig. 6(a), Ns = 58 and the subbands (0, 0)−(0,±23) and
(1, 0) − (1,±5) make a contribution to the paired state
[see dispersion Ekjm vs k in Fig. 7(a)]. Such a large num-
ber of states Ns makes the contribution of an individual
subband to the superconducting order parameter less sig-
nificant. Consequently, the magnetically-induced depair-
ing in a single subband is not so energy-consuming and
it is not accompanied with the jump in ∆¯(H) as in the
nanowire-like regime. Contrarily, as show in Fig. 6, ∆¯ de-
creases rather smoothly with increasing magnetic field up
toHc, at which the superconductor to normal metal tran-
sition is of the first order. Note that for R = 4 nm we can
still observe the single small jump [marked by arrow in
Fig. 6(a)] which gradually disappears for larger R and for
R = 15 nm it is not observed any longer. Such residual
jumps can occur in the intermediate regime (R/d ≈ 1),
where a single subband contribution to the paired state
can be still substantial (compare scales in the right pan-
els, in Fig. 7). In this particular case, the jump is due to
the simultaneous Cooper pair breaking in the subbands
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FIG. 6. (Color online) Magnetic field dependence of the av-
eraged superconducting gap ∆¯(H) (right panels) and total
Cooper-pair momentum q(H) for the resonant shell thick-
nesses d = 1.09 nm and nanowire radii (a,b) R = 4 nm, (c,d)
R = 8 nm and (e,f) R = 15 nm. In the right panels, gray
areas represent the FF states between which the conventional
BCS phases, displayed as white regions, are stable.
(0,−5), (0, 3), (1, 4) with the total contribution to the
superconducting order parameter at 9 %. As presented
in Fig. 6, the regions of the smooth decrease of ∆¯(H) are
divided into FF phases which appear quasi-periodically
alternating with the ordinary BCS paired state stabil-
ity ranges. This periodicity is the more noticeable, the
closer to the nanofilm-like regime we approach - com-
pare Fig. 6(a) and (e). In the intermediate regime, for
R = 4, 8 nm, the quasi-periodic pattern is disturbed in
the vicinity of the jump where the corresponding total
momentum of the Cooper pair q shows a distinct peak
- see Fig. 6(b). The reason for this is the simultaneous
Cooper pair breaking in three subbands which requires
to adjust the Cooper pair momentum q which is almost
six times larger than those obtained in the other FF sta-
bility regions. Similarly as the jump in ∆¯(H), the peak
in q(H) disappears with increasing R and for R = 15 nm
it is not observed any longer.
More detailed analysis of the FF phase formation in the
nanofilm-like regime can be made based on Fig. 6(e,f)
for R = 15 nm, where R/d ≫ 1. The regular occur-
rence of the FF phases presented in Fig. 6(f) can be
explained based on the same arguments as used in the
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FIG. 7. (Color online) Quasiparticle dispersions Ekjm vs k
(left panels), contributions to the paired phase coming from
different subbands Pj,m (left panels) calculated for the res-
onant shell thickness d = 1.09 and (a,b) R = 4 nm, (c,d)
R = 8 nm, (e,f) R = 15 nm. Subbands with the radial quan-
tum number j = 1 are plotted by blue lines while black lines
correspond to states with j = 0.
nanowire-like regime. Namely, each of the FF stability
regions is due to the Cooper pair breaking in the indi-
vidual subbands while increasing magnetic field. Since
in the nanofilm-like regime ∆j,m(H = 0) do not depend
on the quantum numbers (in contrary to the nanowire-
like regime), Hj,mc = H
j,−m−2
c and H
j,m1
c > H
j,m2
c for
any two states with positive m1 < m2. It means that
the Cooper pair breaking starts from the states (0,M)
and (0,−M − 2), where M is the highest positive or-
bital magnetic quantum number and subsequently, it
takes place in the subbands (j,m) and (j,−m− 2) with
m = M,M − 1, . . . , 0. It is of interest that, regardless
of the number of states Ns, the first FF phase region
is derived by the Cooper pair breaking in the subbands
(0, 38) and (0,−40). The FF phase corresponding to de-
pairing in the states with higher |m| do not occur. As
an example, for R = 15 nm, Ns = 200, the subbands
(0, 0)−(0,±79) and (1, 0)−(1,±20) make a contribution
to the paring state [see Fig. 7(e)] and although depairing
in the states with high |m| starts at H ≈ 0.34 T, at which
∆¯ starts decreasing [see Fig. 6(e)], the first FF phase oc-
curs forH ≈ 0.47 T where the Cooper pair breaking takes
place in the subbands (0, 38) and (0,−40). It explains the
gradual shift of the region where the FF phase stability
regions occur, towardsHc for largerR. We expect that in
the limit R/d→∞ this region moves to the close vicinity
of Hc and, due to the induced degeneration with respect
to m, all FF phase stability regions will merge into one.
This picture is consistent with the ordinary FF phase dia-
gram predicted for nanofilms.5 In Fig. 6(f) we can also ob-
serve that the subsequent FF phase regions become nar-
rower with decreasing magnetic field up to value at which
the Cooper pair breaking occurs in the subbands (0, 38)
and (0,−40). Below this critical value H0, the FF phases
do not occur. Simultaneously, the corresponding value of
q tends to zero for H = H0 [see Fig. 6(f)]. This charac-
teristic behavior can be explained as resulting from the
difference in the orbital energy acquired from the mag-
netic field by the states with different orbital magnetic
quantum number. Since the orbital term mµBH is pro-
portional to the quantum number m, in the presence of
the magnetic field, the states with higher |m| acquire the
orbital energy much greater than the states with lower
|m|. As a result the Fermi wave vector mismatch qj,m be-
tween the paired electrons (k, j,m, ↑)↔ (−k, j,−m, ↓) is
larger for states with higher |m|. If the Cooper pairs
are broken in the state with high |m|, in a certain mag-
netic field, the wave vector mismatch qjm in the states
with low |m| is still very small. Since the value of q is a
result of the Fermi vector mismatches qj,m in all states
contributing to the superconductivity, the formation of
phase with a nonzero q is energetically unfavorable. The
critical is depairing in the subbands (0, 38) and (0,−40),
when the Fermi vector mismatches in all superconduct-
ing states become sufficiently large to gain the small value
of q by all these subbands. The FF phase with such a
small value of q is very susceptible to the magnetic field
and even slight increase of H causes that this phase is
destroyed and the system switches back to the BCS par-
ing - note that the first FF phase stability region corre-
sponding to depairing in the states (0, 38) and (0,−40) is
extremely narrow. The same behavior is repeated each
time when the Cooper pairs are broken in subsequent
subbands while increasing magnetic field. However, for
the states with lower |m|, the Fermi wave vector mis-
matches become larger. Consequently, the reduction of
the so-called depairing region on the Fermi sphere re-
quires larger momentum vector q, as shown in Fig. 6(f).
Since larger q requires a higher magnetic field needed to
destroy the FF phase, we observe the gradual extension of
the FF phase stability regions for higher magnetic field.
IV. CONCLUSIONS AND OUTLOOK
The orbital effect on the FF phase has been investi-
gated in superconducting core/shell nanowires subjected
to the axial magnetic field. The energy quantization
induced by the confinement of the electron motion in
9the radial direction leads to the multiband superconduc-
tivity, similarly as found in novel superconductors, e.g.,
MgB2 or iron pnictides. It reveals in the form of the
quantum size oscillations, i.e. the spatially averaged en-
ergy gap ∆¯ varies with d at a fixed R. The character
of ∆¯ variations changes considerably with increasing R.
From irregular pattern typical for nanowires, it evolves to
the regular oscillations characteristic for nanofilms, while
the crossover between both the regimes is determined by
the centrifugal energy. As discussed above, in supercon-
ducting core/shell nanowires, the orbital effect which so
far has been considered as detrimental to the FF phase
formation, can in fact induce the non-zero momentum
paired state. In the presence of magnetic field, the de-
generacy with respect to the orbital magnetic quantum
number m is lifted which leads to the Fermi wave vector
mismatch between the subbands with opposite orbital
momenta in the paired state. Therefore, as the mag-
netic field increases, the superconductivity is destroyed
in subsequent subbands which manifests itself as a cas-
cade of jumps in ∆¯(H). To sustain the Cooper pairing
(k, j,m, ↑) ↔ (−k, j,−m, ↓) in the corresponding sub-
band, the non-zero total momentum state (FF phase) is
formed which, in turn, leads to the phase diagram of al-
ternating FF and BCS stability regions. In the present
paper, by controlling of the ratio R/d, we have switched
from the nanowire-like (R/d ≪ 1) to the nanofilm-like
(R/d ≫ 1) scenario, strengthening or suppressing the
centrifugal energy, respectively. We have found that
the phase diagrams differ considerably in both regimes.
The irregular pattern of the FF phase occurrence in the
nanowire-like regime evolves towards the regular distri-
bution, in which the FF phase stability regions appear
periodically between the BCS state stability regions, in
the nanofilm-like regime. As presented, the crossover
between these two different phase diagrams can be ex-
plained as resulting from the orbital effect and the multi-
gap character of superconductivity. In the nanowire-like
regime, the centrifugal term, h¯2m2/2mer
2, contributes
significantly to the single electron energy, which leads
to the well separated states for different |m|. Due to
the quantum confinement and Andreev mechanism, in-
duced by the spatially dependent superconducting or-
der parameter, the system exhibits multiband and multi-
gap superconductivity, in which ∆j,m may vary for dif-
ferent quantum numbers. In the presence of magnetic
field, the orbital effect leads to a situation in which the
Fermi wave vector mismatch between the paired elec-
trons (k, j,m, ↑) ↔ (−k, j,−m, ↓) varies with m. The
critical magnetic field for the subband (j,m) is given by
Hj,mc = ∆jm/(|m + 1|)µB. As shown, the Cooper pair
breaking in each of the subbands entails the formation of
the FF phase. Therefore, due to the multigap character
of superconductivity and irregular position of states with
different m on the energy scale, the FF phase occurrence
shows irregular pattern in the nanowire-like regime. This
picture changes considerably if we increase R up to the
limit R/d≫ 1. In the nanofilm-like regime the centrifu-
gal term is negligibly small and the states with different
|m| for H = 0 are almost degenerate forming the bands
labeled by the radial quantum number j. The multigap
character of the superconductivity vanishes, i.e. all sub-
bands (j,m) have the same value of ∆jm. Consequently,
FF phases start to occur quasi-periodically each of which
is related to the Cooper pair breaking in subsequent sub-
bands with decreasing |m| = M,M − 1, .... In the limit
R/d → ∞, our explanation leads to the phase diagram
consistent with that predicted for nanofilms.
Although the presented transitions between FF and
BCS phases seem to be verifiable by the use of stan-
dard experimental techniques, e.g., the specific heat mea-
surements or detection of a supercurrent induced by the
magnetic field, the FF phase appearance in the realistic
core/shell nanowires requires some additional remarks,
especially with regard to the assumptions made in the
theoretical model. First, for the sake of simplicity, in
this work we consider the Fulde-Ferrell phase which as-
sumes the single Cooper pair momentum q for all sub-
bands contributing to the superconducting state. Since,
due to the orbital effect, the magnetically-induced Fermi
wave vector mismatch is different for different subbands,
it would be interesting to study the case when the super-
conducting order parameter is a combination of many
components with different q vectors. In this manner, we
would be able to reduce the so-called depairing region
on the Fermi sphere to a greater extent what, in effect,
would minimize the free energy of the system to the value
much lower than that obtained for the FF phase. In
fact, this energetically more favorable multi-momentum
Cooper pair state could be observed in experiment but
its appearance does not alter the qualitative picture of
the non-zero momentum phase creation presented in the
paper. The serious limitation in the experimental stud-
ies of the FF phase in metallic nanostructures is the ap-
pearance of impurities as the FF state could be readily
destroyed by scattering. Even in ultra-clean nanowires,
the surface scattering can destroy the FF state. However,
as discussed above, the phase diagram of alternating FF
and BCS stability regions emerges only for the resonant
thicknesses when the superconducting order parameter is
controlled by the single-electron subbands whose bottom
is situated in the vicinity of the Fermi level. Its char-
acteristic location on the energy scale causes that the
corresponding longitudinal wave vector k < 0.5 nm−1.
It corresponds to the electron wave length grater than
50 nm. Propagation of such long waves should be insen-
sitive to the local surface imperfection with the size of the
unit cell. This argument is even stronger if we consider
the wave length corresponding to the FF phase for which
the total momentum of the Cooper pairs q < 0.01 nm−1
gives the wave length greater than 600 nm.
Finally, we would also like to address fluctuations
which may appear in superconducting low dimensional
structures. Thermally activated phase slip and quan-
tum phase slip are known to play a serious role in super-
conducting nanowires making the use of the mean field
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theory questionable. However, as shown by recent ex-
perimental studies of superconducting Pb nanofilms, the
use of the mean-field theory seems to be justified giv-
ing a surprisingly good agreement with experiment for
the nanofilm thickness down to 2 − 5 monolayers.29 For
superconducting nanowires, the predicted diameter limit
is 5 − 8 nm,49 below which the quantum-phase slip can
suppress the superconductivity. However, recent exper-
iments for nanowires with diameter 5 − 6 nm50 do not
show any signature of phase fluctuations. Thus, we may
expect that the mean-field approach used in the paper
is reasonable for considered geometry of the core/shell
nanowires for which phase fluctuations are assumed not
to occur.
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